We estimate the PMNS (Pontecorvo-Maki-Nakagawa-Sakata) matrix in terms of neutrino and charged lepton mixing given as UPMNS = V † ℓ ( θ13)Uν ( θ23, θ12), based on a new (emergent) global lepton flavor symmetry. The neutrino and charged lepton mass matrices have simple textures. The resulting UPMNS gives excellent agreement with experimental data (including |Ue3| ≃ 0.16).
The Standard Model (SM) of the Electroweak (EW) and Quantum Chromodynamics (QCD) has been amazingly successful. Despite the successes, it is well known that the SM is not an ultimate fundamental theory. The presence of dark matter and dark energy in the Universe, and neutrino flavor oscillations [1] pose challenges to the SM. The latter are commonly interpreted to indicate that at least two neutrinos are massive and all three masses are non-degenerate; the flavor-violations result from the different relation between the flavor and mass eigenstates of the neutrinos relative to the relation for the charged leptons [2] . It is thus important to understand the structure of these neutrino masses and mixings, as it offers a portal to physics beyond the SM. In this paper we will present simple mass ansätze which incorporate the observed data (including nonzero θ 13 ∼ 9
• ) [3] . Then, we present a new (emergent) symmetry based on a product of cyclic groups which enforces the mass ansätze.
The PMNS mixing matrix in the lepton sector is a result of the mismatch between the left-multiplying matrices which diagonalize the charged lepton mass matrix (V ℓ ) and the neutrino mass matrix (U ν ),
Under these transformations of bases, the charged current (Weak) interactions become
where
is the left-handed chiral projector. As is often said, ν α = (U PMNS ) * αj ν j is the neutrino state of flavor α in the basis where the charged lepton mass matrix is diagonal.
Later in this paper, we will need to accommodate our result to the standard PDG form [1] , since that ordering defines the mixing angles adopted by the experimental community. So we present the PDG form here:
where U δ a CP -violating phase matrix. In the Dirac case, there results in obvious notation [12] . By convention, the three neutrino mass-eigenstates are labeled in reverse order to their ν e content: For a general charged leptons mass matrix M ℓ (not necessarily hermitian), one requires two independent matrices, V L and V R , for diagonalization: viz.,
. Similar considerations apply to the neutrino mass matrix if the neutrinos are Dirac particles; if the neutrinos are Majorana, then U νR = U νL and diagonalization occurs via a single matrix. Only if Dirac mass matrices are themselves "normal", meaning that [M, M † ] = 0, are they diagonalizable by a similarity transformation with the single matrices V L ≡ V ℓ and U νL ≡ U ν , respectively. Note that hermitian matrices provide trivial examples of normal matrices.
An estimate of the number of parameters needed in the charged lepton and neutrino flavor-basis mass matrices to yield the three observed charged lepton masses, the three neutrino mixing angles, and the two mass-squared differences inferred from neutrino oscillations is eight. In this paper we show that just seven parameters and a non-PDG ordering of planar rotations does reproduce the eight observables when the leptonic mass matrices in the Weak eigenstate basis are real-symmetric with the forms [4] : These textures of charged lepton and neutrino mass matrices can be fixed upon us by symmetry considerations, as we will show. The ability of describing all eight inferred values with just seven parameters can be traced back to the extra symmetry implicit in the common diagonal of the neutrino mass matrix; this common diagonal fixes one of our mixing angles θ 12 (to the maximum value of 45
• ), and yet leaves the parameter available for fixing another observable. In this sense, our seven parameter matrices can be viewed as eight-parameter matrices with two parameters identified via an internal symmetry.
Two remarks should be made at this point. First, even though the value of one of our mixing angles is fixed to be maximal, θ 12 = 45
• , no resulting angle in the PDG ordering will generally be equal to 45
• . Second, since in this paper we assume real symmetric mass matrices, there is no (complex-valued) CP -violation in our mixing matrix. A phase could be added to either (hermitian) matrix to accommodate CP -violation, but since CP -violation in the lepton sector is phenomenologically unconstrained at present, such an addition seems premature.
We begin with diagonalization of the charged lepton mass matrix. The three free parameters in the matrix are constrained by Tr
Here we take M 11 = M µ for definiteness (in addition to M 22 = M µ ), and find that
The choice M 11 = M µ is natural in the sense that it equates M 11 and M 22 ; versus, e.g., the choice M 11 = M e which would have set M 13 = 0. The matrix M ℓ in Eq.(5a) is real-symmetric, and therefore trivially hermitian and normal; consequently, it is diagonalized by the single matrix V ℓ which can be set equal to the rotation matrix R 13 (− θ 13 ) with angle given implicitly by [4] :
Thus, we have U PMNS = V † ℓ U ν = R 13 ( θ 13 ) U ν . Next we turn to diagonalization of the neutrino mass matrix.
Currently, it is not known whether neutrinos are Majorana or Dirac in nature. Majorana neutrinos are favored, because they generally result from the see-saw mechanism which justifies the small neutrino mass naturally. In fact, later we will find that the Majorana case is also more favored by symmetry.
Diagonalizing the mass matrix m yields the neutrino masses:
where m ± ≡ m 11 ± m 2 12 + m 2 13 , and that 2m 3 = m 1 + m 2 , and ordering m 1 < m 3 < m 2 . (9) Note that the neutrino masses satisfy equal spacing, but a priori, one or more of them can be negative. The solar neutrino measurement [5] that the ratio of the charged-current to neutral-current cross sections are ∼ 1/3 leads, by virtue of matter effects in the Sun, to the inference that the heavier of m 
We note that were m 2 23 taken to be equal to m 2 12 , i.e., r 2 = 1, then the resulting matrix is diagonalized by the bimaximal (BM) mixing matrix [6] . Having found the diagonalizing matrices for the charged lepton and neutrino mass matrices, we arrive at the neutrino mixing matrix: 
The two values given here for θ 23 correspond to sin 2 (2θ 23 ) = 0.95; thus, −r may lie between them. See Table I for our results.
We make some comments on the change in the results here due to the nonzero value of θ 13 . First, were θ 13 exactly zero, then the ordering of our rotations coincides with that of the PDG; consequently, one gets θ 23 = θ 23 and θ 12 = θ 12 , which is not viable. With θ 13 now known to be far from zero, the ordering of our rotations is different from that of the PDG convention, and our results are phenomenologically viable. Second, our model assigns the nonzero θ 13 rotation entirely to diagonalization of the charged lepton matrix (via V ℓ = R(− θ 13 )). Third, in the present model, θ 13 is naturally of order M µ /M τ , a relationship noted in [4] for the first time. Fourth, r is exactly equal to 1 in the BM case [6] of θ 13 = 0 and θ 23 = π/4 = θ 12 , but deviates from 1 in the presence of newer values for these two angles.
The Symmetry: We can justify the forms of the mass matrices in Eqs.(5a)(5b) in terms of a symmetry. The symmetry is based on a finite group of a product of C 2 's, cyclic groups with order two. C 2 (g) is the simplest possible nontrivial group because it contains only one extra group element g such that g 2 = 1 in addition to the identity [7] , and yet it is sufficient for our purpose. To be more precise,
in the Dirac case, where T ′ , T and S are group generators for each C 2 that nontrivially act on the charged leptons, left-handed neutrinos, and right-handed neutrinos, respectively, while
in the Majorana case, where S ′ acts on the left-handed Majorana neutrinos.
The mass matrices are invariant as (see [8] for more details)
where T ′ 2 = 1, T 2 = 1, S 2 = 1, and S ′2 = 1. Note that T ′ , T, S and S ′ must be also unitary so that these discrete symmetries can be global lepton flavor symmetries of the Lagrangian. Then they are also hermitian. Note that these discrete symmetries are unbroken and based on the low energy parameters related to the physical observables so that they should be regarded as "emergent symmetries" [9, 10] for the U(1) em lagrangian (albeit broken by Weak interactions only, similarly to the emergent parity symmetry), but they are not necessarily symmetries of the SM model before the EW symmetry breaking. Imposing an unbroken emergent symmetry below the EW scale distinguishes our approach from others using discrete symmetries to constrain the neutrino masses and mixngs (see, for example, the recent review [11] and references therein).
We proceed to establish the required forms of the generators in matrix representations. For notational convenience, let us first define three basic operators:
Γ j is a combination of a rotation and an inversion and acts about j-axis, satisfying Γ 2 j = 1, and DetΓ j = −1. Dirac Case: The symmetry C 2 (T ′ ) is generated by
where θ 13 is given in eq. (7). Then eq.(14a) fixes M 11 = M µ such that the last equation in eq.(12) relates θ 13 to θ 13 . This T ′ also ensures M 12 = 0 = M 23 , so C 2 (T ′ ) constrains M ℓ to be of the form given in eq.(5a) [8] .
For C 2 (T) we choose
And C 2 (S) that matches C 2 (T) is generated by 
and, most importantly, an equality relating the mixing angle θ 23 to the symmetry parameter
Hence r is no longer left undetermined. This S fixes m D to be the form of eq.(5b), which will lead to θ 12 = π/4. Eqs.(19)(20) imply that two of the Dirac neutrino mass-squared eigenvalues are degenerate such that m 1 = −m 11 = −m 3 , m 2 ≃ 3m 11 . As a neutrino mass degeneracy violates phenomenological findings, Dirac type neutrinos are disfavored by the symmetry we impose.
Majorana Case: However, in the physical left-handed Majorana case, the masses are nondegenerate due to a different symmetry constraint given by eq.(14c) with
such that Γ 3 leads to θ 12 = π/4 while Γ 1 leads to eq.(20). In this case, there is no constraint like eq.(19) so that non-degenerate masses as eq. (8) can be obtained. 
